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Abstract. In this paper, we study the normalised characteristic scale of transition to cosmic
homogeneity, RH/dV , as a cosmological probe. We use a compilation of the SDSS galaxy
samples, comprising more than 106 galaxies in the redshift range 0.17 ≤ z ≤ 2.2 within
the largest comoving volume to date, ∼ 8h−3Gpc3. We show that these samples can be
described by a single bias model as a function of redshift. By combining our measurements
with prior Cosmic Microwave Background and Lensing information from the Planck satellite,
we constrain the total matter density ratio of the universe Ωm = 0.340± 0.029 and the Dark
Energy density ratio ΩΛ = 0.668 ± 0.023. Our results are compatible with a flat ΛCDM
model. These results show the complementarity of the normalised homogeneity scale with
other cosmological probes and open new roads to cosmometry.
Keywords: Cosmology, cosmometry, homogeneity, fractal dimension, observations, large
scale structures, gravity, dark energy, ΛCDM
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1 Introduction
The best candidate for a Standard Model of Cosmology, is known as the flat ΛCDM model.
This gives, to date, the most accurate description of our Universe mainly composed of Cold
Dark Matter (CDM) and a cosmological constant Λ, responsible for the accelerating features of
our cosmos. The two main assumptions of this model are the validity of General Relativity[1]
as an accurate description of gravity and the Cosmological Principle [2] that states that
the Universe is isotropic and homogeneous on large enough scales. The agreement of this
model with current data is excellent, be it from type Ia supernovae [3–6], temperature and
polarisation anisotropies in the Cosmic Microwave Background [7, 8], or Large Scale Structure
(LSS) [9–14].
Historically, the concept of homogeneity in the large scale structure of the universe can
be traced back to Newton [15]. Martínez et al. [16] were the first to measure the homogeneity
scale in the distribution of galaxies in the sky, suggesting a value larger than 100 h−1Mpc.
Since then, several methods have been developed to study the homogeneity scale [17–22].
Most of them found a transition to homogeneity using clustering statistics. For example in
Hogg et al. [17], the authors used the fractal dimension obtained from galaxy catalogues from
the Sloan Digital Sky Survey (SDSS) to estimate a characteristic homogeneity scale. Evidence
for such a scale was found in other surveys as well [23–31]. However, a debate still exists,
since some authors claim not to have found such a transition [32–40].
One way to estimate the scale of homogeneity is to use counts-in-spheres. It is expected
that, in the specific case of a 3D homogeneous distribution, the number of objects inside a
sphere of radius r is N(< r) ∝ r3. While in the more general case of a fractal distribution,
N(< r) ∝ rD2 . A characteristic scale of homogeneity can then be defined as the value, RH ,
for which the fractal dimension, D2, reaches the nominal homogeneity value, D2 = 3, to
some level of precision (in our case 1%) for any redshift. In a recent paper, Ntelis et al. [41]
(henceforth N18), we proposed using cosmic homogeneity as a cosmological probe to improve
constraints on cosmological parameters. That study was performed using simulations that
mimic the Baryon Oscillation Spectroscopy Survey (BOSS) Constant MASS (CMASS) galaxy
sample [42]. We studied the more general case of an open-ΛCDM model and we provided
evidence that support the flat-ΛCDM hypothesis, in the simulations. In the work presented
here, we extend this previous study to real data using galaxy and quasar samples from the
public BOSS Data Release (DR) 12[43] and extended BOSS (eBOSS) DR14 catalogues [44].
We use the fiducial cosmology:
pF = (h, ωb, ωcdm, ns, ln
[
1010As
]
,Ωk) = (0.6727, 0.02225, 0.1198, 0.9645, 3.094, 0.0) , (1.1)
unless stated otherwise, where h = H0/[100 km s−1 Mpc−1] is the dimensionless Hubble
constant, ωb = Ωbh2, is the reduced baryon density ratio, ωcdm = Ωcdmh2 is the reduced cold
dark matter density ratio, ns the spectral index, As the amplitude of the primordial scalar
power spectrum and Ωk is the curvature density ratio. In this framework, the Dark Energy
density ratio is defined via ΩΛ = 1 − Ωm − Ωk, where Ωm = Ωcdm + Ωb is the total matter
density ratio.
The document is structured as follows: In section 2, we describe the galaxy catalogues
that we used in our analysis. In section 3, we describe the theoretical framework to put this
analysis into context. In section 3.1, we present the main tools that are useful in order to
perform cosmometry. In section 3.2, we describe the bias model for the homogeneity scale. In
section 4, we describe our analysis. In section 4.1, we describe how to measure the normalised
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homogeneity scale in large scale structure surveys. In section 4.2, we describe how we select
the bias model for the homogeneity scale. In section 4.3, we set up the Monte Carlo Markov
Chain (MCMC) analysis. In section 4.4, we show the results of our analysis. In section 4.5,
we present the systematic tests that we performed to ensure the accuracy and precision of
our analysis. Finally, in section 5, we discuss our conclusions.
2 Dataset
The Sloan Digital Sky Survey (SDSS) is a suite of surveys using the 2.5-meter Sloan Tele-
scope [45], located at the Apache point Observatory in New Mexico, USA. During SDSS-
III [46], the BOSS project [42] collected optical spectra for over a million targets. The
spectroscopic galaxy sample of BOSS DR12 [47] is divided into two catalogues: the (Low
Redshift) LowZ sample and the CMASS sample.
The sky coverage of the CMASS galaxy sample is ∼ 10, 200 deg2, the LowZ galaxy
sample is about ∼ 9, 200 deg2. Objects were selected following the CMASS and LowZ colour
cuts described in Reid et al. [48]. For the CMASS sample, we selected objects in the redshift
range 0.43 < z < 0.70, comprising more than 800, 000 objects. For the LowZ sample, we use
galaxies in the redshift range 0.172 < z < 0.43, comprising of 400,000 galaxies. Note that,
unlike Reid et al. [48], we do not use the galaxies less than z < 0.172, since to estimate the
error on our observable we need mock catalogues which are not available below that redshift
(see section 2.2).
We also use the publicly available Data Release 14 [44] of SDSS from the eBOSS project
[42], which contains Luminous Red Galaxies (eLRG) and quasars (QSO). The eLRG sample
of the extended survey covers the redshift range 0.6 ≤ z ≤ 1.0 over an effective area of about
2000 deg2, as selected by Bautista et al. [49]. At higher redshifts, the QSO sample, as selected
by Laurent et al. [50] and Zarrouk et al. [51], covers the redshift range 0.8 ≤ z ≤ 2.2 with a
sky coverage of 2200 deg2.
Table 1 summarises our sample, where the number of galaxies is given for the North
Galactic Cap (NGC) and the South Galactic Cap (SGC) separately. The eLRG sample is
truncated to 0.7 ≤ z ≤ 0.8 in order to avoid correlations with CMASS and QSO samples in
overlapping regions. The redshift binning was selected such to ensure compatible statistical
errors.
2.1 Weighting Scheme
To correct for known clustering systematics, we must apply a particular weight to each galaxy.
For LowZ, CMASS and eLRG samples, we follow the weighting scheme [21, 48, 49] where we
weight each galaxy according to,
Wgal = wFKP ∗ wsystot ∗ (wcp + wnoz − 1) , (2.1)
where wFKP is the common weight accounting for optimisations of the clustering statistics
and a luminosity independent clustering bias [52]; wsystot = wstar ∗ wsee is the total angular
systematic weight accounting for the seeing effect and the star confusion effect; wcp accounts
for the fact that the survey cannot spectroscopically observe two objects that are closer than
62′′ and wnoz accounts for redshift failures. For the QSO sample, Zarrouk et al. [51] have
shown that in order to account for the efficiency of the instrument at the edges of the focal
plane, we need to treat the QSO sample with the weighting scheme:
Wqso = wFKP ∗ wsystot ∗ wcp ∗ wfocal , (2.2)
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Table 1. The number of galaxies at each redshift bin and the NGC and SGC (North and South
Galactic caps) for the four different galaxy types. [See text for details]
NGC SGC Total
LowZ
0.172− 0.258 65194 29447
0.258− 0.344 97556 41723
0.344− 0.430 116690 48333
0.172− 0.430 279440 119503 398943
CMASS
0.430− 0.484 118757 45601
0.484− 0.538 174385 61573
0.538− 0.592 150363 55336
0.592− 0.700 143566 53531
0.430− 0.700 587071 216041 803112
eLRG
0.700− 0.800 20801 15489 36290
QSO
0.800− 1.150 17911 11560
1.150− 1.500 25294 16743
1.500− 1.850 25614 17157
1.850− 2.200 20422 13976
0.800− 2.200 89241 59436 148677
where wfocal accounts for the inefficiency of the focal plane of the SDSS telescope. This
weighting scheme was shown by the authors to give better estimates of clustering statistics
and we expect the same for our statistic.
2.2 Mocks, Bootstraps and Covariance matrices
To estimate the errors and covariance matrices in this analysis we used mock catalogues and
the bootstrap internal sampling method. We used the Quick Particle Mesh (QPM) mock
galaxy catalogues produced by White et al. [53]. The method is based on using quick, low-
resolution particle mesh simulations that accurately reproduce the large scale dark matter
density field. Particles are then sampled from the density field based on their local density
such that they have N-point statistics nearly equivalent to the halos resolved in high-resolution
simulations. These simulations are used to create a set of mock halos that can be populated
using halo occupation methods to create galaxy mocks. Then the survey geometry is imprinted
on those catalogues to produce the mock catalogues that we use in this study. The cosmology
used to obtain these catalogues is:
pqpm = (h, ωb, ωcdm, ns, ln
[
1010As
]
,Ωk) = (0.7, 0.0225, 0.11172, 0.95, 3.077, 0.0) . (2.3)
The SDSS collaboration has available the QPM mock catalogues for the LowZ and CMASS
samples. We used 100 of them to compute the covariance matrix of the fractal dimension D2,
see section 3.
– 4 –
DR
AF
T
Mock catalogues were not available at the time for the eLRG and QSO samples, so we
used a bootstrap internal sampling method. The bootstrap method consists of subsampling
each galaxy catalogue with replacement. Then we compute D2 for each sub-sampled catalogue
to produce the covariance matrix. For either method the covariance matrix is given by:
Cij =
1
Nr − 1
Nr∑
n=1
(
D(n)2 (ri)− D¯2(ri)
)(
D(n)2 (rj)− D¯2(rj)
)
, (2.4)
where Nr is the number of realisations. For our fitting method, we corrected our precision
matrix following Taylor et al. [54], using ψij = Nr−Nd−2Nr−1 C
−1
ij , where Nd is the number of data
bins.
3 Method
In this paper, we are interested in the theoretical prediction of a characteristic scale of ho-
mogeneity of the universe, RH (henceforth homogeneity scale), for a given theoretical model,
in our case the open-ΛCDM model. This homogeneity scale, following N18 and references
therein, can be defined as the scale at which the fractal dimension, D2, takes the value corre-
sponding to a three dimensional homogeneous distribution to within 1% precision, formally
written as:
D2(RH) = 2.97 , (3.1)
where the fractal correlation dimension is given by,
D2(r) = d ln
d ln r
[
1 +
3
r3
∫ r
0
ξ(s)s2ds
]
+ 3 , (3.2)
where ξ is the two-point correlation function. The two point correlation function is related
to the Power Spectrum, P (k), through the Fourier Transform,
ξ(r) =
1
2pi2
∫
dkk2
sin(kr)
kr
P (k) . (3.3)
In order to retrieve all these related quantities, we use the CLASS code[55] to solve the per-
turbed Einstein-Boltzman equation to obtain P (k) for a given cosmology. We have made our
codes for the computation of the homogeneity scale and related quantities publicly available1.
3.1 Cosmometry with RH
From the observational point of view, we need to infer distances from (z,R.A.,Dec) positions
of galaxies. Therefore, we transform them into comoving coordinates in the following way. It
is convenient to introduce the following quantities. The comoving distance:
dC(z) = dH
∫ z
0
dz′E−1(z′) , (3.4)
where dH = c/H0, H0 is the Hubble expansion rate today, c is the speed of light and
E(z) ≡ H(z)
H0
=
√
(Ωcdm + Ωb)(1 + z)3 + ΩΛ + Ωk(1 + z)2 ,
1https://github.com/lontelis/cosmopit
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is the usual normalised Hubble expansion rate as a function of redshift depending on the
standard cosmological components of the universe, ΩX = {Ωcdm,Ωb,ΩΛ,Ωk}. The cube of
the volume distance (or comoving volume element),
d3V (z) =
cz
H(z)
d2M (z) , (3.5)
where dM is the motion distance (or transverse comoving distance).
Having these tools to hand, we use the Landy and Szalay [56] estimator to extract the
two-point correlation function from the positions of galaxies in the catalogue. From this,
using Eq. 3.2 and Eq. 3.1, we extract the fractal dimension and the homogeneity scale. Now
using Eq. 3.5, we normalise the homogeneity scale, according to Rich [57], which defines our
observable:
O(z) =
RH(z)
dV (z)
(3.6)
for different redshift slices and for a given fiducial cosmology. This normalisation ensures that
the observable is independent of the h parameter.
Keep in mind that our observable is biased with respect to the total matter of the
universe, therefore we take that into account as we explain in section 3.2. Additionally, the
likelihood may be biased towards the fiducial cosmology and we study this effect in section 4.5.
3.2 Cosmic Bias model for RH
The homogeneity scale for a given tracer of matter, such as the galaxy distribution, RGH , is
related to the homogeneity scale of the matter distribution, RmH ,
RGH(z) = bRH (z)RmH(z) , (3.7)
where bRH (z) is the bias model as a function of redshift. The different galaxy samples that we
are using may potentially have a different bias. This means that the number of parameters
of our model will be large and potentially we will not be able to constrain cosmological
parameters with few data bins. In order to have a small number of parameters in the bias
model, we investigate the possibility of modelling the bias with one single model for all galaxy
samples. For that reason we investigate two different bias models. The first one is:
b1,RH (z) = b0
√
1 + z (3.8)
following Amendola et al. [58], Montanari and Durrer [59].
The second one is a piecewise linear bias model as a function of redshift. For lower
redshifts z < z?, we use the linear bias:
bz<z?RH (z; b0) = b0
√
1 + z (3.9)
while for the higher redshift QSO sample, the cosmic bias, according to Laurent et al. [60],
is:
bz>z?RH (z; b1, b2) = b1 ∗ (1 + z)2 + b2 . (3.10)
We make the assumption that there is a continuity between the lower redshifts and higher
redshifts at z ∼ z? and therefore we impose the following continuity conditions between the
two redshift regions:
bz<z?(z = z?) = b
z>z?(z = z?) (3.11)
∂bz<z?
∂z
|z=z? =
∂bz>z?
∂z
|z=z? (3.12)
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After some algebra we find that:
b1 =
1
4
1
(1 + z?)3/2
b0 (3.13)
b2 =
3
4
√
1 + z?b0 (3.14)
Now, Eq. 3.10 can re-written, as a function of b0 and z? as:
bz>z?RH (z; b0) = b0
[
1
4
1
(1 + z?)3/2
(1 + z)2 +
3
4
√
1 + z?
]
. (3.15)
Therefore, the cosmic bias model for the homogeneity scale at redshifts 0.0 < z < 2.2 can be
written as :
b2,RH (z; b0, z?) = b0
{√
1 + z , for z < z?[
1
4
1
(1+z?)3/2
(1 + z)2 + 34
√
1 + z?
]
, for z > z?
}
. (3.16)
We choose z? = 0.8 which is the redshift where the QSO sample starts. In section 4.2, we
test both of the above bias models against the data.
4 Analysis
In this section, we describe our analysis given the method described in section 3. We briefly
describe the estimation of the normalised homogeneity scale as obtained from the different
galaxy catalogues. Then we describe the method that we used in order to choose the best bias
model for the homogeneity scale. Then we present the Monte Carlo Markov Chain (MCMC)
analysis that we performed in order to constrain cosmology. We also present the test against
the fiducial cosmology.
4.1 Observable Estimation
For each of the galaxy samples described in section 2, the fractal dimension, D2(r), as defined
in Eq. 3.2, is computed over the range r = [50, 200]h−1Mpc, at each redshift bin. We use the
100 QPM mocks (or 100 bootstraps, see section 2.2) for the different redshift bins to construct
the covariance matrix of D2. The function, D2, is then fitted by a spline. The homogeneity
scale of the galaxy samples, RGH is then the scale at which this spline crosses D2 = 2.97.
extracted using the definition given in Eq. 3.1.
Table 2 shows the estimated homogeneity scale, RGH , the theoretical homogeneity scale
for the total matter, RmH , and the volume distance, dV , for the different galaxy samples in
the different redshift bins.
Since we make estimates from the galaxy samples, our observable is given by:
O(z) =
RGH(z)
dV (z)
, (4.1)
while the theoretical expectation is given by:
M(z) =
RmH(z)
dV (z)
bi,RH (z) (4.2)
where i = 1, 2 for the two different bias models that we study (see section 3.2).
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Table 2. Mean and standard deviation of the homogeneity scale, RH , as a function of redshift, z,
for the different galaxy samples as explained in section 4.1. The second to last column is the expected
homogeneity scale for the total matter of the universe, RmH , while the last column is the fiducial
volume distance, see dV section 4.1.
RGH [h−1Mpc] RmH [h−1Mpc] dV [h−1Mpc]
LowZ CMASS eLRG QSO
0.172− 0.258 109.54± 6.81 - - - 73.87 600
0.258− 0.344 132.51± 9.87 - - - 70.87 813
0.344− 0.430 127.87± 5.95 - - - 68.0 1012
0.430− 0.484 - 120.32± 5.33 - - 65.80 1163
0.484− 0.538 - 116.16± 3.98 - - 64.16 1274
0.538− 0.592 - 112.24± 3.97 - - 62.55 1379
0.592− 0.700 - 115.50± 3.00 - - 60.25 1529
0.700− 0.800 - - 117.60± 5.50 - 57.45 1704
0.800− 1.150 - - - 95.08± 6.72 51.96 2033
1.150− 1.500 - - - 98.15± 6.87 44.78 2430
1.500− 1.850 - - - 97.65± 6.50 38.96 2726
1.850− 2.200 - - - 101.45± 7.67 34.17 2952
4.2 Bias model selection
In order to select one bias model for all redshifts, we kept the fiducial cosmology fixed and we
fitted the parameters of the bias model. We performed the fit for each sample separately, at
low redshift with Eq. 3.9. We fitted the b0 parameter at each sample, LowZ, CMASS, eLRG.
While for high redshifts we fitted the bias model Eq. 3.10 with two free parameters, b1, b2.
Figure 1 shows the normalised homogeneity scale as measured in our four galaxy sam-
ples, LowZ (blue), CMASS (purple), eLRG (yellow) and QSO (green). The coloured bands
represent the 2σ uncertainty on the best fitting bias parameters for each sample, as described
above.
Table 3. Measurement of the cosmological parameters for the two different bias models, as described
in section 4.2, considering the combination, bi,RH -RH/dV +CMB+Lensing.
Bias model b0 Ωm ΩΛ χ2 ±
√
2.ndf , ndf = 9
b1,RH 1.747± 0.136 0.340± 0.029 0.668± 0.023 16.476± 4.243
b2,RH 1.886± 0.184 0.311± 0.030 0.690± 0.024 17.569± 4.243
The different bias parameters are highly compatible with one another. For example, the
best fitting bias model for the QSO sample and the best fitting bias model for the eLRG
sample, are compatible to the level of χ2 = 1.4σT . This justifies the fact that we can use
the same bias model at all redshifts. In order to select the best bias model between the two
candidates, Eq. 3.9 and Eq. 3.16, we performed a test. We fitted the two models to the data,
and we investigated the χ2. In table 3, we show that the first model performs better since
it has a lower χ2. We repeated this test using the pqpm fiducial cosmology on the data and
we obtained similar results. Henceforth, all the results we present have been found using the
first bias model.
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Figure 1. The normalised homogeneity scale as a function of redshift, for the different galaxy
samples, colorcoded. The shade areas show the 2σ deviation of the fiducial model fitted to the data
for the different parametrisation of the bias for the different galaxies sample. [see section 4.2]
4.3 MCMC set-up
We used an MCMC2 to sample the posterior probability distribution of our cosmological
parameter space p = (b0,Ωm,ΩΛ), to determine the cosmological constraints provided by the
normalised homogeneity scale. The likelihood for a given set of cosmological parameters, θ,
is expressed as L(p) ∝ exp [−χ2(p)/2], where χ2 is:
χ2(θ) = ∆(p)C−1∆T (p) , (4.3)
where C is the covariance matrix, and ∆(p) = O−M(p); M is the theoretical prediction; O
is our observable, given by Eq. 4.1. We looked for covariance between the redshift bins and
found it to be negligible. Therefore, we only used the diagonal of the covariance matrix.
In order to accelerate our MCMC, we computedRMH (z) on a grid of 203 for the z,Ωm,ΩΛ
parameters, and we used a 3D interpolation method to obtain the theoretical prediction of
the homogeneity scale. We ran our MCMC with flat priors 0.0 ≤ z ≤ 2.2, 0.2 ≤ Ωm ≤ 0.9
and 0.4 ≤ ΩΛ ≤ 0.9.
In addition to our observable, we also used prior information on the (Ωm,ΩΛ) plane as
obtained by Planck 2018 [7] from the CMB and the CMB+Lensing measurements.
4.4 Results
In Fig. 2, we present the normalised homogeneity scale for the galaxy distribution of the
universe as a function of redshift. The quantity, RH/dV , is plotted for the four galaxy
samples that we study, i.e. the LowZ sample (blue), the CMASS sample (magenta), eLRG
2We used the publicly available code, pymc https://pymc-devs.github.io/pymc/.
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H/dV+CMB+Lensing 2/(n. d. f. ± 2n. d. f. ) = 16.48/(9±4.24)
LowZ
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eLRG
QSO
Figure 2. Redshift evolution of the normalised homogeneity scale for the four data galaxy samples,
LowZ(blue), CMASS (purple), eLRG (yellow) and QSO (green). The black line is the model that
best fits the data alone. [see section 4.4].
sample (yellow) and the QSO sample (green). Figure 2 also shows the two best fitting models,
one using only the galaxy data, the other one obtained in combination with CMB+Lensing.
In Fig. 3, we present the result of our MCMC analysis for the open ΛCDM model. We
show the marginalised contours of the 6 different combinations of the (b0,Ωm,ΩΛ) planes for
theRH/dV alone (black), CMB+Lensing (blue), and the combination ofRH/dV +CMB+Lensing
(red). The green star denotes the values of the fiducial cosmology. The results for the probe
combinations that we studied in this work, are shown in table 4.
Table 4. Mean and standard deviation of the measured cosmological parameters (Ωm,ΩΛ), using
different combination of data. [See section 4.4]
Observable Combinations Ωm ΩΛ
CMB 0.473± 0.089 0.571± 0.070
CMB + Lensing 0.352± 0.036 0.658± 0.029
RH/dV 0.338± 0.059 0.653± 0.133
RH/dV + CMB 0.369± 0.062 0.651± 0.073
RH/dV + CMB + Lensing 0.340± 0.029 0.668± 0.023
We find that RH/dV alone can constrain the measurement of Ωm. The addition of
information from RH/dV improves constraints relative to the CMB alone wtih 33% reduction
of the uncertainty for Ωm and 26% for ΩΛ. While when we add the normalised homogeneity
scale to the CMB+Lensing we have an improvement of a 20% reduction of the uncertainty
for Ωm and 21% for ΩΛ. These results show that the combination of the homogeneity scale
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with the CMB provides results comparable to CMB+Lensing.
These results demonstrate that RH/dV can be used as a probe to constrain cosmological
parameters. In particular, it can be used to improve the cosmological measurements in the
(Ωm,ΩΛ) plane3.
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Figure 3. Contours of 68% (dark) and 95% (light) C.L. of (b0,Ωm,ΩΛ) planes using actual data,
RH/dV (black), CMB+Lensing (blue) and RH/dV +CMB+Lensing (red). The green star denotes the
values of our fiducial cosmology. The diagonal panels show the normalised likelihood and the mean
and the standard deviation of each parameter colour-coded for each probe. [See text for section 4.4]
Table 5. Measurements of the model parameters using bias model 1, Eq. 3.16. [See section 4.5]
b1,RH (z) b0 Ωm ΩΛ χ
2 ±√2.ndf , ndf = 9
pF -RH/dV +CMB 1.693± 0.218 0.369± 0.060 0.651± 0.052 23.708± 4.243
pqpm-RH/dV +CMB 1.690± 0.218 0.366± 0.059 0.653± 0.051 22.839± 4.243
pF -RH/dV +CMB+Lensing 1.747± 0.136 0.340± 0.029 0.668± 0.023 16.476± 4.243
pqpm-RH/dV +CMB+Lensing 1.740± 0.137 0.339± 0.030 0.668± 0.023 15.945± 4.243
4.5 Study of systematic effects
In order to quantify any bias coming from the values of the fiducial cosmology, we performed
a dedicated study. We repeated the measurement on the data using the cosmology from
3Our analysis is available under GNU licence https://github.com/lontelis/CoHo2.
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the mock catalogues as the fiducial cosmology. The two different cosmologies are defined by
Eq. 1.1 (denoted by pF ) and Eq. 2.3 (denoted by pqpm). These cosmologies differ from each
other by 15% for Ωm and by 6% for ΩΛ. We present the results in table 5. The systematic bias
obtained by the different fiducial cosmologies is not significant with respect to the statistical
error. Ideally, this study should be performed on mock catalogues, but there are not publicly
available mocks at all redshift bins.
5 Conclusion and Discussion
In this work, we have demonstrated that the normalised characteristic scale of transition to
cosmic homogeneity, RH/dV , can be used as a cosmological probe with large scale structure
surveys. For this, we have used four publicly available galaxy samples, LowZ, CMASS, eLRG
and QSO of the Sloan Digital Sky Survey. We have also used an empirical approach in order to
extract a redshift dependent bias model for the normalised homogeneity scale at all redshifts
from the different galaxy samples.
In order to quantify the additional cosmological information contained in the normalised
homogeneity scale, we have performed an MCMC analysis and we have explored the open
ΛCDM model. By combining our measurements with CMB+Lensing prior information, we
found Ωm = 0.340±0.029 and ΩΛ = 0.668±0.023, consistent with a flat ΛCDM cosmological
model at the 1σ level. The inclusion of RH/dV improves CMB+Lensing constraints alone
by a reduction on the uncertainty of the order of 20% for Ωm and 21% for ΩΛ. There is,
therefore, a clear gain when it is combined with CMB+Lensing information.
The normalised homogeneity scale shows evidence for a flat-ΛCDM cosmology. This is
in agreement with current literature on the combination of galaxy clustering and other probes
[7]. In particular, we find Ωk = −0.0072 ± 0.0079 which is comparable to the Planck value,
ΩCMB+Lensing+BAOk = 0.0007 ± 0.0019. The BAO analysis performed in Aghanim et al. [7],
takes into account two dimensional information from galaxy clustering, r⊥, r||. In contrast, in
this work, we have not taken that into account, which might result in our lower constraining
power. Therefore, further studies are required with more sophisticated analysis to combine
this measurement with other probes.
In this work, we measured the homogeneity scale on the QSO sample independently from
Laurent et al. [20], Gonçalves et al. [22]. We acquired results that are compatible and more
precise. We have more precise results than Gonçalves et al. [22], since they used narrower
redshift bins than us. Laurent et al. [20] have used an outdated QSO catalogue from BOSS,
while we are using the eBOSS QSO catalogue which is both deeper and denser. Therefore,
we get more precise measurements.
Nesseris and Trashorras [61] have argued that the homogeneity scale cannot be consid-
ered as a standard ruler and that it cannot constrain cosmological parameters since it does not
have a one-to-one dependence on Ωm. We agree with the first statement. Since RH evolves
with time (and therefore redshift) it cannot be considered to be a standard ruler. However,
we disagree with their second conclusion. In this paper, we have shown that the normalised
homogeneity scale, RH/dV , without the addition of other probes, can be used to place a
constraint on Ωm. In addition we have shown that in combination with CMB+Lensing, the
normalised homogeneity scale also improves the constraint on Ωm and ΩΛ.
In conclusion, we have revealed the complementarity of the homogeneity scale with
respect to other cosmological probes.
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Finally, we stress that this analysis can be performed and improved upon in the light
of more observational data from current and future survey such as SDSS-IV[62], DESI[63],
Euclid[64] and LSST[65]. Furthermore, analogous methods could be applied to data from
SKA[66]. A similar analysis can also be applied by measuring the normalised homogeneity
in the temperature fluctuations of CMB as observed by Planck [7]. Potentially, one could
investigate additional observational systematic effects on our probe [67], but as shown in
[68] the known systematics (modelled by the weights), do not affect the measurement of the
homogeneity scale at the 1σ level. One can also extend this analysis to test Modified Gravity
models or Effective Field Theory models[64]. We leave these analyses for future work.
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6 Appendix
In table 6, we summarise the fiducial cosmology values and the measured values used in this
study
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Table 6. Reference table for the (Ωm,ΩΛ)-plane. The first two lines show the fiducial cosmology
used in this work, the last two lines show the cosmology measurements as obtained by Planck 2018
[7].
b0 Ωm ΩΛ
Data - Fiducial (pF ) − 0.316 0.684
Mock - QPM Fiducial (pqpm) − 0.274 0.726
CMB (Planck 2018) − 0.473± 0.089 0.571± 0.072
CMB+Lensing(Planck 2018) − 0.352± 0.036 0.658± 0.029
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